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Abstract. We generalize the classical Muckenhoupt inequality with two measures to three under appropri- 
ate conditions. As a consequence, wc prove a simple characterization of the boundedness of the multiplication 
operator and thus of the boundedness of the zeros and the asymptotic behavior of the Sobolcv orthogonal 
polynomials, for a large class of measures which includes the most usual examples in the literature. 



1. Introduction 

The starting point of our work is the classical Muckenhoupt inequahty, i.e., there exists a constant c > 
such that 

II/IIl.(m) <c||./'IIl.m (1.1) 

for any regular enough function /. where 1 < p < q < oo, and fi, v are nonnegative cr-finite Borel measures 
on (0, oo). We arc interested in considering three measures instead of two in this inequality. Precisely, we 
look for conditions on the measures v\,vi^ v-t, for which it is true 

<c(||/||lp(.,) + ||/'||l.(.3)) (1-2) 

for all regular enough functions / (see the precise statement in (3.2)). The inequality (1.2) is obviously true 
if v\ < kv2 for some constant k. 

We remember the precise result about the Muckenhoupt inequality with the necessary and sufficient 
condition in order to (1.1) be satisfied. 

Theorem 1.1 (Muckenhoupt [17]). Assume 1 < p < q < oo, let /i, ly be nonnegative a-finite Borel measures 
on (0, c»). Then there exists a constant C such that 



f{t)dt 



L<!((0,oo),/i) 



<C\\f\\L 



holds for all measurable functions f in (0, oo) iff 



B :— sup /i ([r, oo))""^^' 

r>0 



-l/(p-l) 



dt 



(p-i)/p 



< CO. 



(1.3) 



(1.4) 



Remark 1.2. In (1.4) we assume the usual convention O-oo = 0. Along the paper, every density and singular 
part of any measure is considered with respect to the Lebesgue measure. Note that, in fact, Muckenhoupt 
inequality (1.3) must be satisfied for all measurable functions f such that fit) '^i||^,^g makes sense 

(although it can be infinite); we will follow this Muckenhoupt convention. 

The classical Muckenhoupt inequality (1.3) (see [17]) appears in many contexts of mathematics, see for 
example [15, p. 40], where we find an equivalent condition for the estimate that some measures must hold, 
that is in connection with the condition for the classical Ap weights, see for instance [6]. Note that (1.3) 
is also related with the classical Hardy inequality, which is also known as an expression of the Heisenberg 
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uncertainty principle, first formulated as a principle of quantum mechanics in 1927, see [7]. Later on it was 
studied by other authors with different perspectives, see for example the classical paper by Fefferman, [4]. 

In harmonic analysis, estimates of different operators with respect to weights have been largely studied; 
in the classical book [5] we find a general presentation of the theory. The estimates on with one weight 
are known for operators like the Hardy-Littlewood maximal operator or the Hilbert transform, for which 
we need the Ap weights. One can also find strong estimates with two weights where one is obtained from 
the other. But although the Ap condition is generalized for pairs of weights, even for the Hardy-Littlewood 
maximal operator it is not enough to obtain the strong estimate on with two weights; this is a very active 
problem now in harmonic analysis. 

The field of application of our new Muckenhoupt inequality will be weighted Sobolev spaces, and, in 
particular, the multiplication operator (MO) defined by Mf{z) = zf{z). In [10] these spaces are studied 
in the context of partial differential equations. Also in approximation theory they are of great interest. We 
will focus on this last topic and its relationship with Sobolev orthogonal polynomials (SOP). 

SOP have been widely investigated in the last years. In particular, in [8, 9], the authors showed that the 
expansions with SOP can avoid the Gibbs phenomenon which appears with classical orthogonal series in 
(see also [14]). In [20, 21, 22] it was developed a theory of general Sobolev spaces with respect to measures 
on the real line, in order to apply it to the study of SOP. See [2] for the generalization of this theory to 
curves in the complex plane. 

Our interest in the MO arises from its relationship with SOP controlling their zeros. In the theory of 
SOP we don't have the usual three term recurrence relation for orthogonal polynomials in so, it is really 
difficult to find an explicit expression for the SOP of degree n. Hence, one of the central problems in the 
study of these polynomials is to determine its asymptotic behavior. In [13] it was shown how to obtain the 
nth root asymptotic of SOP if the zeros of these polynomials are contained in a compact set of the complex 
plane. Although the uniform bound of the zeros of orthogonal polynomials holds for every measure with 
compact support in the case without derivatives, it is an open problem to bound the zeros of SOP with 
respect to the norm 



where /Lto,/ii, . . . ,fJ-N arc Borel measures and p = 2. The boundedness of the zeros is a consequence of the 
boundedness of the MO in ¥^'P{fio, ^i, . . . , ^n) (the completion of the linear space of polynomials P with 
respect to the norm (1.5)); in fact, the zeros of the SOP are contained in the disk {z : \z\ < 2]]A/]]} (see [13, 
Theorem 2.1]). 

If p 7^ 2, then we have an analogue of SOP, precisely, we say that qn{z) = + a„_iz"^^ + ■ ■ ■ + aiz + uq 
is an nth monic extremal polynomial with respect to the norm in (1.5) if 

ll'77i||w«.p(Mo,An,...,Aiiv) = inf {||'7||n/".p(A<o,A'i,---,Miv) ' = ^" + 6„- 1 z"^ ^ H \-biz + bo, G M} . 

It is clear that there exists at least an nth monic extremal polynomial. Furthermore, it is unique if 1 < p < oo. 
li p = 2, then the nth monic extremal polynomial is precisely the nth monic SOP with respect to the inner 
product corresponding to VF^'^(/io, ^i, . . . , ^at). In [12] the authors prove also for 1 < p < oo that the 
boundedness of the MO allows us to obtain the boundedness of the zeros and the asymptotic behavior of the 
extremal polynomials. It is possible to generalize these results also in the context of "nondiagonal" Sobolev 
norms (see [12, 18, 19]). 

In [2, 21, 22, 23, 24, 25], there are some answers to the question stated in [13] about appropriate conditions 
for M to be bounded: the most general results on this topic appear in [23, Theorem 4.1] and [2, Theorem 8.1]; 
they characterize in a simple way (in terms of equivalent norms in Sobolev spaces) the boundedness of M 
in ¥^'P{fio, Hi, . . . , iin)- The rest of the papers mention several conditions which guarantee the equivalence 
of norms in Sobolev spaces, and consequently, the boundedness of M. However, these works have two 
objections: on the one hand, they require that the measures lead us to obtain a well defined Sobolev space 
(note that W^'P{ho, ^i) is not well defined if {fii)s 7^ 0, since when the distributional derivative is a locally 
integrable function, it is defined up to sets with zero Lebesgue measure); on the other hand, they obtain 




(1.5) 
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conditions which guarantee the boundedness of AI if it is defined in the Sobolev space W^'P{^o, ^i) instead 
of P^'P{fio, /^i)- In this paper we avoid these two objections. 

We recall now the two classical definitions of Sobolev space on a compact interval / C K (with respect to 
the Lebesgue measure): 

(1) The Sobolev space W-^'^^) is the set of functions / G LP{I) whose distributional derivative is also a 
function in LP{I). 

(2) The Sobolev space ¥^''p{I) := H^'P{I) is the completion with respect to the Sobolev norm of W^^p{I) 
of the linear space of polynomials P (or C^{I) with fc £ N, C°°{I), Holder spaces, etc.). 

Note that by construction in (2) the spaces P, C^{I), etc, are dense in P^'P(/). 

In 1964 it was shown by Meyers and Serrin, see [16], that H = W, i.e., the previous definitions of Sobolev 
space (with respect to the Lebesgue measure) are equivalent (see also [1] and the references therein). In 1984, 
Kufner and Opic showed in [11] that the situation is not so simple when one considers weights instead of 
the Lebesgue measure; however, if the weights Wj verify Wj ^^'^ G L^, then they give the right definition 
following the philosophy of definition (1). 

Following the work [11], in [20, 21] it appears a definition of Sobolev space for a large class of measures 
instead of weights. For general measures, it is not possible to define W^'P{I), but it is possible to define 
the Sobolev space as the completion P^ ■''(/) of the linear space of polynomials P. (Note that it is always 
possible to define the completion of a normed space as the set of equivalence classes of Cauchy sequences, 
which generate a Banach space). Although the following is a very simple definition of Sobolev space, we 
show with this example the difficulties about it: 

Let us consider \\f\\wi,-^aoA],t^o,t^i) lo l/l^ + 1/(0)1^ + l/'(0)l^- If only work with polynomials or 
for example C^-functions, this is a well-defined norm; however, it has no meaning for other general sets 
of functions. In order to determine the completion P^'^([0, 1], /iq, /ii) of the polynomials with the norm 
II ' IIm'1-2([o,i],aio,a'i) note that any function / £ L^((0,1)) may be approximated in this norm by functions 
g S C^([0, 1]) with the values of g{0) and g'{0) fixed beforehand. Therefore, the completion of the polynomials 
with respect to this norm is isomorphic to i^([0, 1]) x M^. Observe that given a function g in C-^dO, 1]), there 
are infinitely many equivalence classes in L^([0,1]) x whose restrictions to L^([0,1]) coincide almost 
everywhere with g. This Sobolev space is a very strange object and it shows some difficulties in our study, 
because we do not require a "good behavior" of and fii. However, this kind of Sobolev norms appears in 
the study of SOP, and the results in this paper allow us to prove that the MO is bounded with respect to 
this norm. 

The case of one derivative {N — 1), is the most usual in applications and in the theory of Sobolev spaces 
and SOP. In that case, the operator M is bounded in P^'P(/io, /ii) if and only if 



for all / G P, where the simbol B means that there exist two positive constants, ki and ^2, such that 
kiA < B < k2A. This is equivalent to 



for every / G P and some constant c. 

That is the main reason why we deal with three measures instead of two in inequality (1.2). 

The paper contains four more sections. In section 2 we establish some notation and preliminaries. Section 
3 deals with the generalized Muckenhoupt inequality (3.2); Proposition 3.1 provides a very simple sufficient 
condition. Theorems 3.4, 3.7, 3.8 and 4.1 give several different hypotheses for which this condition is also 
necessary. We also prove in Theorem 3.9 that for finite measures (3.2) holds for every measurable function iff 
it holds for every polynomial. A counter-example in which the Muckenhoupt inequality (3.2) is not satisfied 
is shwon in section 4. Finally, applying the theorems in Section 3 we obtain several results in Section 5 
about the MO. In particular, the sum of Theorem 5.2 and Corollary 5.10 characterizes the boundedness of 
the MO for a large class of measures which includes the most usual examples in the literature of orthogonal 



I/IIiV1.J'(a<o,A'i) - IL/lllVi-Plwi+Mi.A'i) 




(1.6) 
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polynomials (see Example 5.11). Fm-thermore, Theorems 5.9 and 5.13 and Corollary 5.15 give sufficient 
conditions in order to obtain the boundedness of the MO for a wider class of measures (see Example 5.14). 

2. Notation and preliminaries 

Notation. Along the paper we just consider nonnegative a-finitc Borel measures on R. Besides: 

• We assume that 1 < p < oo in the whole work, so we omit it to simplify. 

• Measures are denoted by Vj or , and densities (with respect to the Lebesgue measure) by Wj . 

• {i>)s or {ii)s denote singular parts, and {iy)ac or (/i)ac absolutely continuous parts, with respect to 
the Lebesgue measure. 

• (ui — 1^2)+ denotes the positive part of i>i — V2. 

• Given a measurable set A C K, we define the space of measurable functions 

M{A) = {/ : A ^ M I / is measurable on A}. 

• For a measurable set A C M, we denote by 1a the characteristic function of A. 

• If 6 G R, (5;, denotes the Dirac delta measure concentrated at {6}. 

• For two finite measures /io,/ii on [a, 6], we denote by P-'^-^'([a, 6], (/io,/^i)) or simply P^'^'(/io, Mi) the 
completion of the linear space of polynomials P with respect to the Sobolev norm || • ||n'i,p([a,6],(/io,/ii))- 

Remark 2.1. In general, {y\ — 1^2)+ makes sense if vi and 1^2 are finite measures; however, it is possible to 
define (i^i— 1^2)+ for a-finite measures as follows. Let us consider two increasing sequences of measurable sets 
{XI} with Vj [Xl) < 00, X^ ~ UnXl and Vj (R \ X^) ^0 (j = 1,2 ). Therefore, {X^CiX^} is an increasing 
sequence of measurable sets with Vj {X^ H X^ < 00 and X^ H X"^ = U„ {X-n l~l ^n); ^'^'^ ^■^ possible to 
define the total variation \vi — V2\ of vi — V2, and its positive and negative parts {vi — ^2)+, {^i — 1^2)- o,s 
nonnegative a-finite measures on X^ n X^ . Also, it is possible to define \vi — V2\ '■= {vi — ^2)+ ^1 on 
X^ \ X^, - U2\ := [vi - V2)~ ■■= V2 on X'^\X^, and \vi - V2\ := on R \ (X^UX^). Hence, - i/sl, 
(i/i — V2)+ and [vi — V2)- are nonnegative a-finite measures on R, although (i/i — i'2){E) is not defined when 
vi{E) = U2{E) = 00. 

We want to generalize the Muckenhoupt condition (1.4) to the case of three measures (with exponents 
p = q) and to fix our interest in an interval [a, 6] instead of (0, 00). In order to do this, we rewrite B as 
follows. 

Definition 2.2. Let i'i,V2 be measures and W2 = — r— . We define: 

dx 



Ap,a(j^i,J^2) := Apja,f)],a(i^i,i^2) := sup !/i([a,r]) / W2{t) ^^'^ ^^dt 
l^p,b{vi,V2) ■■= l^p,[a,b],b{^iiV2) := sup vi{[r,b]){ j W2{ty^'^^^^''dt\ 
t^^M,V2) ■■= A;,[,,b],b(^i,^2) := sup {\r,b)) [ f W2it)-'^^''-'^dt 



p-1 



p-1 



Note that Theorem 1.1 in our setting, i.e., with (0, 00) replaced by (a, &) and \ < q = p < 00, can be read 
as follows. 

Theorem 2.3. LeA v\,V2 be measures on {a,b). There exists a constant C > such that 



holds for all f e M{[a, b]) iff 



f{t)dt < C\\f\\L.aa,b],u,) (2.1) 

LP{[a,b],^i) 

K,bi^l,^2) < 00. 



In order to apply our results to SOP, we need to deal with measures on the compact interval [a, b]. Hence, 
we need the following version of Theorem 2.3 for compact intervals. 
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Theorem 2.4. Let i'i,V2 be measures on [a,b]. There exists a constant C > such that 



f{t)dt 



holds for all } e M{[a,b]) iff 



Remark 2.5. A similar result holds replacing b by a. Along the paper, most of the results will be stated just 
for one endpoint of the interval, but they also hold for the other one by symmetry. 



Proof of Theorem 2.4- Fix any measurable subset S of [a, b] with zero Lebesgue measure and such that 

First of aU, note that the singular part of 1/2 docs not play any role in Ap.fc(j/i, (^2)- For / G A^([a, b]) we 
define the function /o := fl[a,b]\s- Then we have 



/ foit)dt 




r f{t)dt 


J a 


LP{[a.b].ui) 


J a 



' ll/o|lLP([a,6],iy,) " ll-/'llLP([a,6],(i^2)ac) ' 

LP{[a,b],ui) 

and we conclude that the singular part of 1/2 does not play any role in (2.1). Furthermore, if F{x) := 
f{t) dt, it verifies F{a) ~ 0. Hence, if is a measure on [a, b) and 1^2 is a measure on [a, b], then Theorem 

2.3 proves that (2.1) holds iff ^(t^i, 1^2) < 00. 
Now, let's observe that 



max 



{a;,,(z.1,Z.2), ^i(W)( f W2{t)-''^^-'^dtY '} 

<KA^U^2)<^'p.b{vUiy2) + M{h]){ f W2{t)-^'^^-^'^dt) 



(2.2) 



p-1 



Therefore, if i'i({6}) = then h-p^b{^i,i^2) = A^ f,(i^i, 1/2) and we are done. So, let us suppose that vi{{b}) > 0. 

If Kp^}y(yi, V2) < 00 then also Ap_t(i/i — i^i({fe})(5b, 1^2) ~ A^ {,(1^1, 1^2) < 00 and by Theorem 2.3 there exists 
a constant C such that 

fit)dt <C , yfeMi[a,b]). 

LP{[a.b].iyi-iyi{{b})Sb) 

Hence, in order to obtain (2.1) it suffices to prove that there exists a constant Ci such that 
II Ja f \\LPi{b},5,) < Ci ||/||Lp([a,h],t.2) ^r aU / G Mi[a, b]) or, equivalently, that 

'''fit)dt <C2 \\fh.aa,b],.,) ' V/eX([a,6]), 



By Holder inequality. 



fit) dt 



fit)w2{ty^Pw2it)-'/Pdt 



Since i^i{{b}) > and Ap^t(i/i, 1/2) < 00 hnply that 
Assume now that (2.1) holds then, in particular. 



- \\f\\LP{[a,b],U2) 



-1/(P-1) 



(p-l)/p 



, \/f eM{[a,b]). 



LHla.b]) 



LH[a,b]) 

< 00 (see (2.2)), we deduce (2.1). 



fit)dt 



< II/IIl.(M1,.2) ' V/GA4([a,6]), 



LP{[a,b],,yi-,^i{{b})St} 

Using again Theorem 2.3, we deduce that A^ ^(t^i, 1^2) < 00. Also, from (2.1), we have that 

rb 



M{b})'^^ £fit)dt 



< ||/|lLP([a,fc],^2) ^'^^ therefore 



fit)dt 



<C' II./IIl.(M1,.2) ' V/eA^([a,6]) 
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In particular, if we define fe = niax{u;2,£} ^^^^ ^^I[a.b]\Sj for e > 0, we obtain 



i/p 



i/p 



fe{t)dt<C'[l inax{w2{t),e}-P/^P-^'>W2{t)dt] < C" ( / niax{w2(t), ej-^/^f-^'dt ) < oo . 
Therefore, 



(p-i)/p 



max 



{w2it),e}-'^^P-'^dt 



<C'. 



By the monotone convergence Theorem, J^^ W2{t) ^/^^ ^^dt < oo and, by (2.2), Ap^b(i/i, 1/2) < 00. 



□ 



3. MUCKENHOUPT INEQUALITY WITH THREE MEASURES 

Let us start with a first approach to our problem, which gives a sufficient condition for (1.2). We will 
prove in Sections 3 and 4 that, in many situations, this condition is also necessary. 



Proposition 3.1. Let vi, 1^2,1^3 be measures on [a, 6]. Assume that 

Ap.b {{vi - kv2)+, V3) < 00, 
for some constant k > 0. Then there exists a constant C such that 



(3.1) 



J a 



f{t)dt 



< c 



iP([a,b],i/i) 



f{t)dt 



LP([a,b],i/2) 



+ II/IIl.(M],.3) ' yfeMi[a,b]). (3.2) 



The hypothesis (3.1) includes the two known cases: when i^i < kv2, and when the Muckcnhoupt condition 
is fulfilled for vi and v^, i.e., Kp^i,{vi^vj) < 00. 



Proof. First of all, we have 

l^l{E) - U2{E) = [Ul - U2){E) = {Ul - y2)+{E) - {Ui - U2)-{E) < (1^1 - 1^2)+{E) 

for every measurable set E with 1^2 (^) < c)o. Hence, 

pb nb nb 

g{x) dvi~k / g{x) dv2 < / g{x) d{vi - kv2)+ 



(3.3) 

for every simple i/2-integrable function g. If g is now a nonnegative 1^2 -integr able function and < a < /3, then 
V2 (g~^([a, /?))) < cxD, and we deduce (3.3) by approximating g by simple 1'2-iiitegrable functions increasing 
to g. 

Without loss of generality we can assume that f{t)dt G ^^([a, &], 1^2), since otherwise the inequality 
holds. Therefore, we deduce from (3.3) for g(x) = f{t) dt\'' , Apj, ((z^i — ki/2)+, vs) < 00 and by Theorem 
2.4 that there exists a constant cq such that 



fit) dt 



LP([a, b],i/i) 



r fit) dt 


P 

< 


r f{t)dt 


J a 


LP{[a,b],iJ2) 


J a 



< Co 



LP([a, b],(i/i-fciy2) + ) 



lLJ'([a,b],i/3) ' 



for all / G Mi[a,b]) with f{t)dt G LP {[a, b], 1^2)- Then, taking C := maxjfc, cq}^/'' we conclude the 
proof. □ 

In terms of Sobolev spaces this estimate can be read as: 

h - 9ia)\\LPi^^) < C(ll5 - .9(a)|[LP(,.2) + II.9'IIlp(z.3)) > 

where g S W^'P{[a, b], [vi + 1^2, v^))i if this Sobolev space is well defined. 

In order to deal with the weights that one usually finds in applications, and to obtain a characterization 
of (3.2) in terms of them, we will use the following definition. 
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Definition 3.2. We say that an ordered pair of weights {wi, W2) on [a, 6] is in the class £a([a, b]) if we have 
either 



lim 



x^a+ W2{x) 

Similarly, {wi,W2) G C&([a, 6]) if we have either 



00 or lim sup 



wi{x) 



wi{x) 

x^b- W2{x) 



lim 



00 or lim sup 



wi{x) 



b- W2(X) 



< 00 . 



< 00 . 



Note that if, for example, there exists the limit 

lim ^ 

then {wi,W2) S €a{[a,b]). 



L e [0, 00] , 



Remark 3.3. The class £Q([a, 6]) contains every pair of weights obtained by the products of: 



|x-a|"^ exp{-l3\x-a\-°'^) 



log 



\x — a\ 



los 



log 



log 



|a; — a\ 



with ttj € M and /? > 0. 



Theorem 3.4. Let vi, V2, 1^3 be measures on [a, b]. Assume that vi is finite, ^^^^ ^'^ G L^{[a, r]) for every 
r e (a, b), and (wi, W2) S £b([a, b]). Suppose also that there exist constants Eq, cq > verifying the following: 
{'^2)si[b — £a, b]) = if lim wi{x)/w2{x) = 00, and {vi)s < co(i^2)s on [b — So, b] i/limsup Wi(a;)/w2(x) < 00. 



Then, there exists a constant c such that 



fit) dt 



< c 



fit) dt 



LP([a,fc],i/2) 



LP{[a,b],,^i) 

iff there exists a constant k > such that 

Ap,6 {{lyi - kv2)+, 1^3) < 00. 



+ ' V/eAl([a,6]) (3.4) 



(3.5) 



The following result will be useful in the proof of Theorem 3.4. 

Lemma 3.5. Let 1/1,1/2 be measures on [a,b]. Assume that vi is finite and W2^^^^ ^'^ G L^([a,ro]) for some 
ro S (a, b). Then, 

Ap,[a,b],b(j^l,l'2) < 00 ApJro,b],b(j'l:J'2) < 00. 



Proof of Lemma 3. 5. Let us define 



^p.\aM,b.roiyi,1^2) ■■= SUp J/i([r,6])( / W2^'^^ 



p-1 



re(ro,b) 

We are going to prove the lemma by showing the following equivalences: 

Ap^[a,h],h(i^l, i^2) < 00 ^p\a,blb,ra{vi,V2) < 00 ApJ^^ (^/i , !/2) < OO . 

Note that, since vi is finite and W2^^''^ G L^ ([a,ro]), 



sup i/i([r,5]) f / w-^"-^-''^] <v,i[a,b]) 



p-1 



^0 ,, A P-1 



a 



J < 00 . 



Then, we deduce 

Ap,[a,b],b,ro(i^l, i^2) < Ap_[a,fc],h(l^l, 1^2) < max { ApJ^^b] ^fc^^o (^^1 , ^^2 ) , j} , 

and the first equivalence in (3.6) holds. 



(3.6) 
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In order to prove the second one, let us define K := /J" W2 ^^''^ Cp := 1 if 1 < p < 2, Cp := 2^^^ if 
p > 2, and L := Cp A'P"^ i/i([ro, 6]). We have 



sup J^i([r,&]) ( / 



-1/(P-1) 

Wn 



rS(ro,b) V^a / rS(ro,fc) 





r -i/(p-i)\ 







< sup z.i([r,6])cp (a^p-i+ f ru;2-i/(P-i)y ) 

re(ro.b) \ \Jro / J 

<CpKP-'M[ro,b]) + Cp sup ,.,i[r,b]) ( T w-'^^^-'A 



p-1 



'•e(ro,fc) 

= i + Cp Apjro, 6], 6(^^1 1 i^2) 



Then, we deduce 



Ap,[ro,t],fc(i^l, ^^2) < !^T,\a,h\,h,rQ{v\,Vi) < L + Cp Ap_[ro,6],6(i^l , ^^2) , 

which proves the second equivalence in (3.6). □ 



Proof of Theorem 3.4- By Proposition 3.1 it suffices to prove that (3.4) implies (3.5). Therefore, let's assume 
that (3.4) holds. 

• Suppose first that lim wi{x)/'W2{x) = oo. Hence, we have dh'2 ~ W2dx on [b — Sa,b]. Let us choose 

< £ < eo with wi{x)/w2{x) > (2c)p for every x £ [b — s, b). For any / e M{[a, b]) with supp/ C [b — e, b], 
the following holds 



fit) dt 



LP {[a, b], 1^2) 



< C 
1 

< - 





r f{t)dt 




Jb-e 








r f{t)dt 

Jb-e 



1/p 



W2 (x) dx 



1/p 



(2c) wi{x)dx 



b-e 



f{t)dt 



LP([b-e,b]-yi) 

Therefore, by (3.4), we have for every / G A^([a, b]) with supp/ C [6 — e, b] that: 

/ ni)dt <2c ||/||^,([,_^,] ,^^) . 

'b~£ LP ([b-e,!)], 1^1 ) 

Then, by Theorem 2.4 we obtain Ap j^.^ ^ ;,(i'i, 1/3) < 00. Hence, by Lemma 3.5: ^p\a.h\.b{^ii ^i) < oO; which 
is (3.5) with A: = 0. 

• Assume now that lim sup wi (x) /u;2 (a^) < 00. Therefore, {1^1)3 < cq {v2)s on [b — Sa,b] and there exist 

constants fco > and < e < Eq with wi{x) < koW2{x) for every x G [b — e,b). Hence, if we define 
k := max{co, kg}, then vi < ki'2 on [b — e, b] and (vi — kv2)+ = on [b — e,b]. Thus, 

Ap,6 [[ui ~ fci^2)+, t's) = sup [ui - ky2)+ ([r, 6]) ( f w^ity'^^P-'^ dt^ " 



sup (i^i - k,y2)+ {[r, b]) f f w:i{t)-^l(P-^Ut\ 



p-\ 



nb-e 



< {i^i-kiy2)+{[a,b]) 

\J a 



p-i 



U;3(i)-1/(P-I)rfi 



p-1 



< 00 . 



□ 



MUCKENHOUPT INEQUALITY WITH THREE MEASURES 



9 



As a consequence of Theorem 3.4 we have the following result. 



Corollary 3.6. Let vi,V2,v^ he measures on [a, 6]. Assume that ui is finite, W;^^^*-^"^' S L^{[a,r]) for 
every r G (a, &), and {wi,W2) G £h([a, &]). Suppose also that there exists Eq > verifying {vi)s{[b — eo,^]) = 
{i^2)si[b ~ So,b]) ^ 0. Then, there exists a constant c such that 



< c 



fit) dt 



LP{la,b],V2) 



f{t)dt 

Lv{[a.b].vi) 

iff there exists a constant k > such that 



+ !I./IIlp(M]..3) ' yfeMi[a,b]) 



We also have a result similar to Theorem 3.4 if w 



-i/{p-i) 



Theorem 3.7. Let vi, 1^2, 1^3 be measures on [a,b]. Assume that w^^^''^ ^ for every interval 

I ^ [O'lb], and {wi,W2) is a pair in the class Cb{[a,b]). Suppose also that there exist constants eo,co > 
verifying the following: 

• (i'2)si[b — eo,b]) = if lim — —= 00 and (vi)s < co{iy2)s on [b — eo, b] if \imsnp — < 00, 

x^b- W2[x) ^^(,- UJ2(X) 

• for each e > there exists a constant > with vi < CeV2 on [a, b ~ e\. 
Then, there exists a constant c such that 



f{t)dt 



< c 



fit) dt 



LP([a,fc], 1/2) 



LP{[a,b],^i) 

iff there exists a constant k > such that 

^p,b {{1^1 - kv2)+,y3) < 00. 



+ II/IIl.(M],.3) ' V/GA1([a,6]), (3.7) 



(3.8) 



Proof. By Proposition 3.1 it suffices to prove (3.8) assuming that (3.7) holds. 

If we have lim wi{x)/w2{x) = 00, then, as in the proof of Theorem 3.4, we can choose < e < £0 such 

x^b~ 

that for any / G M{[a, b]) with supp/ C [b — e, b], 



fit) dt 



b~e 



<2c 11/11^, 



LP([b-eM.''i) 



{[b-eM,V3) ■ 



Then, by Theorem 2.4 we obtain ^p.[b-e,b],b{^ij ^3) < 00. Since 



-i/(p-i) 



^ L^{L) for every interval / C [a, 6], 



vi = on (fo — £,&]. By hypothesis, there exists a constant A: > with vi < ki'2 on [a,b — e\. Hence, we 
conclude vi < kv2 on [a, b], [vi — kv2)+ = on [a, b], and A^^f, [[vi — ki/2)+, V3) = 0. 

If we suppose now that limsupu)i(a;)/u'2(a;) < 00, then we have {i'i)s < cq{i'2)s on [b — eo,b] and there 

exist constants fco > and < £ < £0 with wi{x) < kQW2{x) for every x G [b — e,b). Thus, taking 
ki := maxjco, feg}, we have i^i < fciz^2 on [b — £, 6]. Since vi < CeV2 on [a, 6 — £], if we define k :— maxjc^, fci}, 
then ui < kv2 on [a, b] and {vi — kv2)+ = on [a, 6], and finally, Ap^j, {{ui — ki'2)+, V3) =0. □ 

For the case of weights comparable to monotone functions we show in the next theorem sufficient conditions 
to obtain our estimate. 

Theorem 3.8. Let 1^1,1^2 be measures on [a,b]. Assume that we have either 

(1) {vijs < ^0(^^2)5 for some constant kg and Wi is comparable to a non-increasing function on [a,b], 

or 

(2) vi is a finite measure, Wi ^^^^ G L^{[a,a + e]) for some e > 0, and wi is comparable to a non- 
decreasing function on [a, b] . 

Then, there exists a constant c such that 



fit) dt 



< c 



LP{[a.b].'^l) 



f{t)dt 



LP{[a.b].y2) 



+ - V/GA^([a,6]), 
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and 

Ap,f, ((i^i - fczy2)+, I'l) < oo (3.9) 

for some constant k > 0. 



Proof. By Proposition 3.1, it suffices to prove (3.9). Without loss of generality we can assume that wi is a 
monotone function on [a,b]. 

• Assume first that {vi)s < fco('^2)s for some constant kg and that wi is a non-increasing function on [a, 6]. 
Then (z/i — fco!^2)+ < {i^i)ac, and it sufBces to prove that Ap,b{{i'i)ac,i^i) < oo, since then (3.9) holds. We 
have 

Ap,biiiyi)ac.iyi)= sup iiyi)ac{[r,b]){ I Wi{t)-^ ' ^^'^Ut 
r£{a,b) 

= sup ( /" wi{t)dt](f wi{t)-^^''P-^Ut^^ 

re(a,b) \Jr I \J a 

< sup wi{r) {b — r) wi{r)^^ {r — aY~^ 

r£{a,b) 

<(b-a)P<oo. 



• Assume now that vi is a finite measure, Wi 



-i/(p-i) 



€ L^{[a, a + e]) for some e > 0, and wi is a non- 



decreasing function on [a,b]. In this case we have 'Wi{x) > wi{a + e) > for every x (E [a + e,b] and we 
conclude that w^^^'"^^^^ G L^{[a,b]). Therefore, for any fc > 0, 

p-i 

Ap,f,((i/i -fci/2)+,!^i) < Ap,6(i/i,i/i) = sup 1^1 ([r,6]) ( / wi{t)-^/'-P-^^dt 

re{a,b) 



p-1 



< 1.1 ([a, 6]) / wi{t)-'/(P-'Ut 



< oo . 



□ 



Wc finish this section with a result on polynomial approximation for the Muckenhoupt inequality with 
three measures. 

Theorem 3.9. Let 1/1,1/2,1^3 be finite measures on [a,b] with w^^^^'P G L^{[a,r]) for every r E (a, &). 
Then there exists a constant c > such that the following inequality 



f{t) dt <c 

Lv([a,b]-Vi) 

holds V / G A^([a, h\) iff it holds for any polynomial. 



f{t)dt 



LP{[a.b].V2) 



l/ll 



LiP{[a,b],i^3) 



(3.10) 



Proof. Let us assume that (3.10) holds for every polynomial and define ci := max {t/i([a, &])^/^, i/2([a, b]Y/P , 
i/3([a, 6])^/p}. Fix a function / G A^([a, 6]) and e > 0; without loss of generality we can assume that / 
belongs to LP{[a, 6], 1/3). 

Let's assume first that / G L^{\a, b]). The classical proof of the density of the continuous functions in 
(using the density of the simple functions and Lusin's Theorem) gives, in fact, that there exists a function 
g G C([a, b]) with 

11/ - ffl|LP([a,b],i/3) + 11/ - .9llLi([a,fc]) < £ • 

Weierstrass' Theorem provides a polynomial q with ||ff^5||/,ooQ^j]) <e. Hence, 

II5 - 9llLP{[a,t],i/3) + h - q\\L^[a,b]) < ^ ([»,&]) + £ (& - a) < (ci -f- 6 - o) £ , 
11/ - 9l|LP([a,b],K,) + 11/ - 9l|Li([a,6]) < (ci -f 5 - a 1) £ =: C2 £ , 



f{t)dt- / q{t)dt 



< 



LP{[a,b],,^j) 



\\.f - q\\Lma.b])'^j{[a,b])'^^P < CiC2£. 
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Since £ > is arbitrary, (3.10) holds if / G L^{[a,b]). 

Now, let's suppose that / ^ L^{[a, b]). Since w^^^^^~^^ € L^{[a, x]) for every x € (a, 6), we have by Holder 
inequality, 

(p—i)/p 

Ja ^ 

and then / S L^{[a, x\) for every x € (a, 6). If the function / has infinitely many zeros in any neighborhood 
of 6, let {bn\ be an increasing sequence with f^" / = and lim 6„ = 6; otherwise, let be any increasing 
sequence with hm = b. Consider the sequence of functions /„ :~ /^[a,6„] G ^^([0^1 ^]); we have proved 



/ Ut)dt 


H 


/ fn{t)dt 


J a 


LP([a,b],i/i) \ 


J a 



+ ll/nllLP([a,b],iy3) 
LP([a,b],.y2) / 

for every n. Since |/„| and |J^^/„(i)dt| increase with n, (3.10) holds for / by the monotone convergence 
Theorem. 

□ 



4. A NEGATIVE CONDITION 



We show in this section a class of measures which do not satisfy the generalization of Muckenhoupt 
inequality (3.2). 

Theorem 4.1. Let vi, V2, V3 be measures on [a, b]. Assume that there exists bo € [a, b) such that i^2([&0j b]) < 
00, and W3 ^^^^ ^ L^i[i", b]) for every r G (69, b). If iyi{{b}) > and i^2({^}) = 0, then there is no constant 
c for which 



fit) dt 



< c 



LP{la,b],ui) 



f{t)dt 



Lv{[a,b],V2) 



+ II/IIl.(M],.3) ' V/GA^([a,6]), (4.1) 



with 



Ap.b ((1^1 - fci^2)+, K3) = 00, Vfc>0. 
Proof. By Proposition 3.1, it suffices to prove the first statement. 

Assume first that ^^'•^ G L^([6o,f]) for every r G (60, fo). Since J^i({&}) > 0, it suffices to show that 
there does not exist any constant c verifying 









/ f{t)dt 


■A. 


1 f{t)dt 


J a 




J a 



LP([a,fc],^3) 



V/G A/(([a,6]). 



(4.2) 



LP{[a,b\,V2) 

Arguing by contradiction, let us suppose that there exists c > satisfying (4.2). 

Let 5 be a set with zero Lebesgue measure and such that {vj)s\s = (1^3),?. For every natural number n, we 
define a„ := max{6o,& — 1/^}- Since ^^'"^ G L^([6o,r]) and ^^'•^ ^ L^{[r,b]) for every r G {bQ,b), 
there exists 6„ G (a„, 6) with J^^" -W;^^^''^ = n; let us define /, 

fn 



^3 '^^^ ''^[a„,b„]\s- By (4.2) applied to 



n<cni/2(K,6])^/P + c 




i/p 



^'/(P-i^u.a <c7iz/2(K,&])'/P + cni/f . 



Since i^2{[bo,b]) < 00, we deduce that lim iy2{[o-n,b]) ~ i^2({&}) = 0. Hence, there exists some no G N 
such that ciy2{[an,b]Y^^ < 1/2, V?2 > uq. Therefore, n < 2cn^/P, Vn > hq, which is a contradiction since 
1 < p < 00. Then the conclusion holds if ^^'•^ G -L^([&o, '^D for every r G (60, b). 



We deal now with the general case. Since w. 



-i/(p-i) 



^ i^([r, 6]) for every r G (&07^), we can choose an 



increasing sequence {c„} C (60, &) with lim c„ = b and J^'^ 



G [1,00] for every n. Let {nj} be 
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the ordered set of indices n with J^"^ ^ ^^'^ = oo, if any. For each j, let us choose ej > verifying 

1 < / max{i(j3, Ejl^^^^^^^'' < oo . 

If {uj} — 0, then we define ws := wz- Otherwise, we define 

( W3, on [c„_i,c„] if n ^ {rij} , 

max{u;3, Sj} , on (c„^._i,c„J if n = rij , 



W3 := 



and by ctP^ := dx + c?(t'3)s. 
Note that 

rb 



/ Wg '^^'•^ < cxD V?!, and moreover / ^^^^ > / Wg +card{7ij}. 

As a consequence, w'^^^^^~^^ S L^{[bo,r]) and Wg ^^^^^^^ ^ L^([r, 6]) for any r G (&oi^)- Therefore, we have 
proved that (4.1) is not satisfied with Fg instead of z^g. Since I'g < Fg, the conclusion holds for i^g. □ 



5. Application to Sobolev orthogonal polynomials 

We start with the introduction of the concept of regular points, which will be the basis of the results of 
this section. 

Definition 5.1. Let fii be a measure on [a, b]. Ifw-^^^^''^ ^'^ E L^([a + e,b — e]) for every < e < {b — a)/2, 
then we define the interval of regular points i?eg([a, b]) as follows: 
(!) In the case w^'^^^''^^'' £ L^{[a,b]), then Reg{[a,b]) = [a,b]. 

Moreover, if there exists £ > such that: 

(2) eL\[a,a + e]) and w^^^^'''^^ L\[b - e , b]) , then Reg {[a, b]) = [a, b). 

(3) W]"^/^^"^^ ^L^{[a,a + e]) andw^^^^^'^^ eL\[b-e,b]), then Reg {[a, b]) ^ {a, b]. 

(4) wi"^/'^"^^ ^L^{[a,a + e]) andw'^'^^'^^ i {[b - e ,b]) , then Reg {[a, b]) = {a, b). 

The concept of Reg{[a,b]) is natural, as the following results show. 

Tlieorem 5.2. Let fiQ, fii be finite measures on [a, b]. Assume that Wi ^^''^ G L^iV^ + £,b — e\) for every 
< e < (6 - a)/2. 

(1) In the case Reg{[a,b\) = [a,b], then the MO is bounded in P-'^'f (/xq, /^i) iff {[a,b]) > 0. 

(2) If Reg{\a, b]) — [a, b), we assume also that {wi, iuq) G C6([a, b]) and (/^o)s([&~£: ^]) = {f^i)s{\b~£-, b]) — 
for some £ > 0. Then the MO is bounded in P^'P(/io, /^i) *if Mo (['^i^]) > and 

^pMM,b ((a^i - fcMo)+, fii) < oo, (5.1) 

for some constant k. 

(3) For Reg {[a, b]) = {a,b], we assume also that {wi,Wq) 6 £a([a, &]) with {fiQ)g{[a,a + e]) ~ {fii)s{[a,a + 
e]) = for some £ > 0. Then the MO is bounded in P^'^'(/io, /^i) iff Mo ([^i ^]) > and 

Ap,[Q,(,],Q ((mi - kfio)+, Ml) < oo , (5.2) 

for some constant k. 

(4) When Reg {[a, b]) ~ {a, b), we assume also that (wi,wo) £ €a{[a,b]) n€b{[a,b]), and {fio)s{[a,a + e]) ^ 
(Mi)s([a, a + £]) = (/Xo)s([& ~ £j ^]) = (Mi)s([& — = for some £ > 0. Let us fix xq G (a, 6). Then the MO 
is bounded in P^'P(mo, Mi) 'if Mo ([«: b]) > and 

Ap,[a,2;o],a ((mi " fcMo)+, Ml) < OO , Ap^[xo,b],b ((mi ^ fcMo)+, Ml) < OO , (5-3) 
for some constant k. 
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Remark 5.3. Note that the hypotheses in Theorem 5.2 imply fio {[a, b] \ Reg([a, b])) ~ /.Ji ([a, b] \ Reg{[a, b])) ~ 

0, i.e., ^io\Reg{[aM) = '^"'^ /^l|fleg([a,f)]) = /^l- 

We need finite measures since it is necessary to have \\g\\w^-p{[a,b],{tiQ,fii)) < c»i Vg G P. 
We also want to point out that in [3] the compactness of the supports of the measures is a necessary 
condition in order to have the boundedness of the MO. 

Let us first prove the following lemmas, which will be useful in the proof of Theorem 5.2. 



Lemma 5.4. Let fJ.o,fJ-i be measures on [a,b]. Assume that < ^o{[a,b]) < oo and 
Then: 

(1) There exists a positive constant c\ such that \/ c G M, and all f G M{[a, b]): 



i/(p-i) c ri 



G L\[aM)- 



f{t)dt 



< ci 



L°°([a,b]) 



fit) dt 



ll/l 



LP{la,b]4Lo) 



LP([a,b].f^l) 



(2) If fJ-i is finite, then there exists a positive constant C2 such that Vc G M, and all f E A4{[a,b]) we have: 



+ / f{t)dt 



< C2 



LP([a,6],Aii) 



fit) dt 



LP{[a,b],tJ.o) 



+ ll/llLP([a,6],Aii 



Proof. We just need to prove (1), since (2) is a direct consequence of (1). 

Let us fix .To G [a,b]. For any x G [a,b] and / G Aii[a,b]), using Holder inequality 



c + 



fit) dt 



< 



< 



f{t)dt 
f{t)dt 
f{t)dt 



fit) dt 



< 



+ / IflwY'w-'^' 

J a 

+ \\f\\LPi[a,b],^l) 11^1 
+ C3 ll/llLP([a,b],mi) ' 
f{t)dt 



^ \\f\\^LP([a,b],til) 



Since < /io([a, fe]) < oo, we can integrate in the x- variable on [a, 6] with respect to /io in order to find a 
constant C4 > such that for every c G M, 



fit) dt 



< C4 



C+ / fit)dt 



LP{[a,b],fio) 

and all xq G [a, b]. Therefore, we conclude that for all c G 



+ II/IIlp(M],m ' V/GA^([a,6]) 



fit)dt 



< Cl 



L-([a,b]) 



fit)dt 



LP([a,fc],/Jo) 



+ \\nLPi[a,bl,^) ' yfeMi[a,b]). 



□ 



Lemma 5.5. Let /io,/ii be finite measures on [a,b]. Assume that ^^^^ ^'^ G L^i[a + e,b -~ e]) for every 
< e < (6 — a)/2 and that Reg{[a, b]) = (a, b). Let us fix xq G (a, b). If fig ((a, &)) > and 



iim - kfio)+, m) < 00, Ap.[xo,b].b ((/^i - fcMo)+, pii) < 00 , 

for some constant k, then the MO is bounded in ^^''^i^.Q, jii). 



(5.4) 
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Proof. Proposition 3.1 proves that there exists a constant c such that 



fit) dt 



fit) dt 



< c 



LP([a;o,6],Ail) 



< C 



fit) dt 



fit) dt 



LP{lxo,b],tio) 



LP([a,a:o],Aio) 



+ \\f\\LP{[xo,b],t^i) ' 



\LP{la,xo],tii} 



(5.5) 



LP{[a,xo],tJ.i) 

for all f eMi[a,b]). Then 

h - gMhpilxoM.f^i) - ^ " 9M\\LPi[xo,b],f^o} + \\9'\\LP{[xo.b]:f^i} 
h - 9ixo)\\LP(^[a,xoU,) < C - gixo)\\LP^[a,xo],,^o) + Hf 'llLP([a,xo],Ml)) ' 

are satisfied for every g G P. Consequently, 

ll5llLP([,o,fc],Mi) c(ll5llL.([.o,bl,M + \\9'\\LPi[xo,bU^}) + \9M\ (fili[xo , b])'/^ + C fioi[xo , b])'/^) , 

ll5llLp([a,.o],Mi) ^ + + \g{xo)\ (Mi([a,a;o])'/^ + cMo([a,xo])i/p) , 

hold for any g €P. 

Since /io ((a, 6)) > 0, there exist a < qq < bo < b with xq G [ao,6o] and fiQ ([ao,6o]) > 0. Taking into 
account that Wi ^^'•^ G L^([ao, 6o])i by Lemma 5.4 there exists a constant ci > such that 

< ci (||.9lliP([,„,b„],^„) + ll.9'llLp([a„,fco],Mo) ' ^5 e p. 
By this inequality and (5.5), there exists a constant C2 > such that 

< C2 {MlpM + . V5 e P, 

as a consequence, the MO is bounded in P^'P(/io,Mi) by (1.6). □ 



Proof of Theorem 5.2. 

• We prove first that if ([a, b]) = 0, then the MO is not bounded in P^'P(/j,o, Mi)- By contradiction, let 
us suppose that the MO is bounded in P^'P(^o,Mi)- Therefore by (1.6) there exists a constant c > such 
that 

\\f\\LPi,,)<^{\\f\\LPi,o) + \\f'hpi,,})' ^/eP- 

Taking / = 1, we obtain 

m(K&])<cVo([a,^]) = 0, 

then we conclude ([a, 6]) = 0, which is a contradiction with ^^^^ G L^i[a + e,b — e]) for every 
< e < (6 — a)/2, and we deduce that the MO is not bounded in F^'Pifio, Mi)- 

In order to prove part (1) we assume that ^oi[a,b]) > 0. Since Wi^^^^^^'^ G L^i[a,b]), by Lemma 5.4 
there exists a constant C2 > such that 

hhpi,,) < C2 {MlpM + h'hpi,,)) - V.g G P. 
Therefore the MO is bounded in pi'P(//o, Mi)- 

• In order to prove part (2), we assume that the MO is bounded in V^''Pifio, fii). Then, there exists a 
constant c > such that 



< c {MlpM + \\9'\\LP{^.^)) ' ^9 e 



In particular we have 



fit)dt 



< c 



LP{f^i) 



fit) dt 



V/e 



(5.6) 



(5.7) 



By Theorem 3.9 we know that (5.7) holds for all / G A^([a, 6]). Hence, applying Corollary 3.6 we obtain 
(5.1) for some constant k. 
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Let's assume now that fiQ {[a,b]) > and that (5.1) holds for some constant k. By Proposition 3.1 there 
exists a constant c > such that 



fit) dt 



< c 



fit) dt 



+ ll/llLp(;.,)h V/eX([a,6]). 



Then 



(5. 



i/(p-i) 



Il5 - 5(a)l!Lp(^,) < c (ll.9 - .9(a)llLP(^o) + ' e P. 

Consequently, 

< c (||5|Il.(po) + + b])''" + cMo([a, h])''^) , V.g G P. 

Since fig ([a, 6)) > 0, there exists a < bo < b with /io ([a, &o]) > 0. Taking into account that 
L^i[a, bo]), by Lemma 5.4 there exists a constant ci > such that 

\gia)\ < Ci (||5llLP([a,to],Mo) + ll.9'llLP([a,ho],Ml)) ' -9 ^ 

This inequahty jointly with (5.8) give (5.6), and then the MO is bounded in P^'P(^ojMi)- 
A similar argument to the one in part (2) allows us to prove part (3). 

• Finally, let us prove part (4). Fix xq G (a, 5). Assume first that the MO is bounded in P^'^(/io, /zi). 
Then (5.6) holds for every polynomial. In particular, 



r fit)dt 


.A 


r fit)dt 


Jxo 




Jxo 



+ \\f\\L. 



LP (Ml) ' 



V/G 



(5.9) 



We are going to prove that 

fit)dt 

I 

fit)dt 



< c 



LP{[xo,b],t^i} 



< C 



LP{[a,xo],t2i} 



fit)dt 



fit)dt 



\L'P{[xo,b]-t^i) 



(5.10) 



LP([a,a;o],/Jo) 



+ ll/llLP([a,2:o],Ml) 



hold for every / G P. By symmetry, it suffices to prove the first inequality, for / G P and e > 0, by the 
density of the continuous functions in L^, there exists a function /ig G C([a, 6]) with 



\fl[^a.b] ~ ^o||ip(^^,+^^) + \\fI[xoM - ^o||ii([^ 



< e . 



Weierstrass' Theorem provides a polynomial h with ||/io ^ ^||L°°([a.6]) < £• Let us define the constant 
Co := (/io + Ail) ([a, b])^^P. We have 

Who - ^IIlp(m„+mi) + ll'^o - hWmia.b]) < eco + £ (6 - a) , 

||//[.o,fc] -/i|Lp(^„+^,) + Wfh^^oM -h\\LH[a,b]) <icQ + b-a+l)e, 



( hit) dt 




f fit)Iixo.b]it)dt 


Jxo 




Jxo 



< \\.fI[xoM ^ f^Wmia.b]) -"^^t"' ^1''^^^ <coico + b-a+l)e. 
Since e > is arbitrary, these inequalities and (5.9) prove the first one in (5.10). 

Moreover, taking into account that the inequalities (5.10) hold for all polynomials, then by Theorem 3.9 
both inequalities in (5.10) hold for all / G A^([a, 6]). Hence, by Corollary 3.6 we obtain (5.3) for some 
constant k. 



If we assume that (5.3) holds, then by Lemma 5.5 we conclude. 



□ 



Now, we consider a new kind of measures. 
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Definition 5.6. Let fii be a measure on M. We say that is piecewise regular if there exist real numbers 
ao < ai < ■ ■ ■ < am verifying the following properties: 

(a) The convex hull of the support of fii is the compact interval [aQ,am]- 

(b) If 1 < j < m we have either ^^^^ G L^{[aj^i + e,aj — e]) for every < e < [oj — aj_i)/2 or 
Mi|(aj_i,aj) a finite linear combination of Dirac deltas. 

(c) For < j < m we have Wi ^^^'^ ^ L^iio-j — s,aj + e]) for every e > and we do not have wi ^ 
a.e. in [aj_i, a^+i] . 

We say that fii is strongly piecewise regular if it is piecewise regular and it verifies the following property: 
for < j <m, ifw^^^^^^'^^ ^ L^{[aj—e, Qj]) then w^^^^ ^ L^{[aj—s, aj]), and ifw^^^^^^^^ ^ L^{[aj,aj +e]) 
then w^^^^ ^ L^{[aj,aj +s]). 

We define J as the set of indices 1 < j < m with Wi ^^^^ G L^([aj_i +£, aj —e]) for every < e < [aj — 
aj-i)/2, while H will be the (finite) set of points x G [ag, verifying /ii({a;}) > 0, ^^'^'^ ^ e, x\) 

and Wi "'"^^^ ^ L^{[x, x + e]) for every e > 0. 

Remarks 5.7. 

(1) Condition (c) is not a real restriction, since it just guarantees the uniqueness of m and the real 
numbers ao < ai < ■ ■ ■ < a^n ■ 

(2) By condition (5) we have that either wi ~ a.e. in [aj_i,aj] or wi > a.e. in [aj^i,aj], for 
I < j < m. 

(3) If X G Uj^j{aj^i, Oj) verifies /ii({x}) > 0, then x E H . 

(4) Note also that the practical totality of the measures with compact support in M which one usually 
deals with in the study of orthogonal polynomials is strongly piecewise regular (see Example 5.11). 

(5) The class of piecewise regular measures allows us to consider (and this was not the case in the papers 
[21], [24] and [25]J measures for which the Sobolev space W^'P{[a,b], {jiQ, jii)) is not well defined 
and V^•P{[a,b],{f^o,^^l)) is not a space of functions (e.g., ll/ll^i,p([_ia],po,pi) I-i\f(^)\''dx + 
I-i - x^)P~^dx + a\f'{-l)\'i' + /3|/'(1)|P with a,P >0 and a + P > 0, or the example at 
the introduction ||/||^....([oa],^o,^,) := /o + |/(0)|p + |/'(0)|p;. 

The following result (see [23, Theorem 4.4]) will be necessary: 

Theorem 5.8. Lei^OiMi be finite measures on [a,b], and a G [a, 6]. Assume thatwi ^^^^ ^ L^{[a — e,a]) 
andw-^ ^^^^ ^ L^{[a,a + e]) for every s > 0. If fii{{a}) > and ^Q{{a}) = 0, then the MO is not bounded 
mPi-P([a,6],(/io,/ii)). 

Theorem 5.9. Let /ioj/^i be finite measures on [a,b]. 

(1) Assume that fii is piecewise regular with oq < fli < • • • < a„i. If the MO is bounded in the space 

Reg{[aj-.i ,aj]) i 1^1 \B.eg{[aj-i ,aj 

])) for each j £ J and fJ-o{{x}) > for all x G H, then it is bounded in 

P^-n^o^Mi)- 

(2) Suppose that fii is strongly piecewise regular with oq < Oi < ••■ < a,„. // the MO is bounded in 
F^-P{Ha,f^i), then it is bounded in P^'P(Aio|iie3([a,_i,aj]), Mi|iie3([a,_i,aj])) for each j e J and fJ.o{{x}) > for 
all X E H . 

Proof. First of all, note that by the definition of piecewise regular measure we have: 

Ail = + f^^ii^})^^ ■ (5-11) 

jeJ xeH 

Let's assume that fii is piecewise regular, that the MO is bounded in P^'^(/iolfleg([a _i,a ])j Mil/ieg([a _i.a ])) 
for each j E J and that fio{{x}) > for every x E H. Then, for every j E J, there exists a constant Cj such 
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that (see (1.6)) 



< (||3|Ilp(p„) + llff'llLP(^i)) ' 

'/^0(W)J "■'^"^"(Mol.) 



II5II 



< 



< 



niin^,Gff 



are true for every g G P. 

These inequahtics and (5.11) give (5.6), and then the MO is bounded in P^'P(/io, Mi)- 

Let's assume now that /.ti is strongly piecewise regular and that the MO is bounded in P^'^'(/io, /^i). 
Therefore, there exists a positive constant c such that 



< c 



ll/'l 



Lp(aii 



, V/e 



(5.12) 



Since the MO is bounded in P^'P(/io, /ii), (5.11) and Theorem 5.8 prove that /io({x}) > for every x G H. 

Let us prove now that the MO is bounded in P^'''(A*o|/?eg([aj_i,aj])7 /^i|i?eg([aj_i,aj])) for each j G J. Let us 
fix j G J. Note that in order to check that there exists a constant c > such that 

ll5llip(MilHe.(K-i...i)) - ^ (ll5lli''U'o|«.«([.,_„.,],) + II5'IIlp(mi|.,,([.,_„.,],)) ' ^5 e P, 
by (5.12) it suffices to prove that given g G P and e > 0, there exists go G P with 



II5II 



i''(A'i|Heg([a,_i,a,l)) 



II5o|Ilp(^, 



< e. 



J)) - II5oIIlp(mi) 



< e. 



(5.13) 



Assume first that Reg{[aj^i,aj]) = [aj_i,aj]. Then we have Wi ^ L^{[aj^i — e',aj_i]) and ^ 
L^([aj,aj + e']) for every e' > 0. Fixed 5 G P and e > 0, we define K := max{|g(aj_i)|, |g(aj)|}. Since 
/zi, /X2 are finite, there exists < ij < with 

Mo((aj-i -77,aj-i)), , ^J.a {{aj,aj + r])) , ^ii{{a.j,a.j + rf)) < . 

Since '^^^ ^ L"'^ ([^j-i ^ a-nd ^''^ ^ L"^([aj,aj + r?]), there exist ^1,^2 > verifying 



lin ^Iv ^ 



1, 



iin|ti;i 



1 



Let's define g\ :— (7(aj_i) min |wj^ ii| and 172 := (7(aj) min ^Iv ^ t^^. Fixed a measurable set S C 

[a, 6] with zero Lebesgue measure and such that {\i\)s\s = (mi)s- Let f\{x) := /o, where /o is defined by 
the following 



/o:= <^ 



, on (—00, flj-i — ry] , 

g\i«\s , on (aj_i - 77, aj_i) , 

ff' , on [aj_i,aj] , 

-52/r\s, on (aj,aj +77) , 

, on [flj + 77, 00) . 
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We have /i = g on [aj_i, and /i = on (—00, a^-i — jy] U [aj + 77, 00). Hence, 

\ 1/p 

-1/p" 



< K 



2 /v ryi/P <2Kt 



Wi 



K 



a J +1-1 



1/p 



-1/p 



Wi 



Since /o G L^{[a, b]), there exists /lo G C([a, 6]) with 

!l/o - ^o|Ilp(^„+^i) + ll/o - ^o|lLi([a,6]) < ^ ' 

Weierstrass's Theorem provides a polynomial /i with \\ho — h\\i^^(^[a,b]) < £• Let us define the constant 
Co := (/io + &])^^^ and the polynomial f2{x) := /i. Then. 



\ho-h\ 


LP(;in+Mi) 


+ l|/io 


-h\ 


LH[a,b]) 


\\fo-h\ 


LP(,in+Mi) 


+ 11/0 


-h\ 


Li([a,t]) 


Wfi- 


/2 Lp(m,) 


<ll/o 


-h\ 


Li([a,6]) 



and we conclude 



I5IIlp(,.|«.,<,„^._„„^,,) - II/2ILp(,.) < (2 X + CO (CO + 5 - a + 1)) e , 

ll5'liLp(..|..,a.,-.»,„) - II/2IIlp(,o I < (2 A' + CO + 5 - a + 1) e . 
Since e > is arbitrary, this proves (5.13) when Reg{[aj-i, aj]) = [aj^i,aj]. 

If Reg([aj-i,aj]) = (aj_i,aj), we can apply the same argument considering now the functions 171 and g2 
in the intervals (ftj-i, cij-i + v) {aj — 77, aj), respectively. 

In the case Reg{[aj-i, aj]) ~ [aj_i,aj), we consider gi and 172 in {o-j-i ^ Vi'^j-i) ^-nd {aj — ri,aj), 
respectively. 

Finally, for i?eg([aj_i, aj]) = (flj-i, a^], we take gi and 172 in (a^-i, flj-i +77) and (aj, aj +">]), respectively. 

□ 

Theorem 5.9 has the following consequence. 

Corollary 5.10. Let fiOifJ-i be finite measures on [a,b] such that fii is strongly piecewise regular with ao < 
ai < ■■■ <a„i. Then the MO is bounded in¥'^'P{^Q,^ii) iff it is bounded in T'^-'p [^io\Fi.eg([a,-i,a^])i tJ'i\Fi.eg([a,-i,a^])) 
for each j G J and j.iQ{{x}) > for all x e H . 

As we mentioned in the introduction, 5.2 and Corollary 5.10 together characterize the boundedness of 
the MO for a large class of measures which includes the most usual examples in the literature of orthogonal 
polynomials. It is remarkable that we require the hypothesis of strongly piecewise regular just for /ii. 

The following example shows a large class of measures verifying the hypotheses in Corollary 5.10. 
Example 5.11. The measure fii below is finite and strongly piecewise regular 

r 

dfii := \x - ao|"°|a; - ai 1"^ ■ • ■ |a; - a„|""i;(a;)/[ao,a„](a:^) dx + ^Cjd5:,. , 

j=i 

if ci, . . . ,Cr > 0, xi, . . . ,Xr G [flOj Om], Qfo , Oil, ■ ■ ■ , Q;„i > —1, ao, ai, . . . , am ^ [p — l,p), and there exists a 
constant C > 1 with < v{x) < C for x G [oq, a„i]- 

If we study a particular (although very large) class of measures, it is possible to improve the first conclusion 
in Theorem 5.9. 
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Definition 5.12. Let /.ii be a measure on R. We say that fj.i is piecewise monotone if there exist real 
numbers bo < hi < ■ ■ ■ < bn verifying the following properties: 

(a) The convex hull of the support of fii is the compact interval [6o,&n]- 

(6) For each 1 < j <n the weight wi is comparable to a (non- strictly) monotone function on {bj^i,bj). 
(c) The singular part of /ii is a finite linear combination of Dirac deltas. 

If IJLi is piecewise monotone, then it is piecewise regular with constants < ai < ■ • • < (see Definition 
5.6). We say that oq < ai < ■ ■ ■ < a^n are the parameters of /ii. 

Note that if /ii is piecewise monotone, then 6o — ao and 5„ — am, but it is possible that {bo, 6i, . . . , 6„} 7^ 
{ao, ai, . . . , flm}. Also, it is possible that wi = in some {bj^i, bj). 

The following results are specially useful in the study of SOP, as Example 5.14 below shows. 

Theorem 5.13. Let /io,Mi finite measures on [a,b], where fj.i is piecewise monotone with parameters 
ao < ai < • • • < a,„. // fiQ {Reg{[aj-i, CLj])) > for each j E J and i^iq{{x}) > for all x G H , then the MO 
is bounded in P"'^'P(/io, ^i). 

Proof. By Theorem 5.9, it suffices to prove for every j E J that the MO is bounded in the space 

IP^'''(MoUeg([a3„i,aj]),Ml|fleg([aj_i,a,]))- 

Fixed j S J, since /ii is piecewise monotone, there exists < £ < (oj — aj_i)/2 such that wi is comparable 
to a (non-strictly) monotone function on (flj-i, aj_i + e) and on {aj — e, af), and ((aj_i, Oj^i + e)) = 
{^il)s{{aJ -e,a,)) =0. 

Assume that Reg([aj-i,aj\) — (aj_i,aj). since the other cases are similar and easier. Using that 
Mo (^eg([aj_i,aj])) > 0, by Lemma 5.5 the MO is bounded in P^'''(Aio|i?eg([a,_i,aj]), Mi|i?eg([a,_i,a,])) if we 
have 

for some constant fco and some point xq G (aj-i,aj). By Lemma 3.5 these inequalities are equivalent to 

Ap,K_i,aj_i+e],a,„i - kflo)+, ^i) < CX) , ^p,laj -e,a,],a, ((A^I - ^Mo)+, ^J.l) < CO , 

for some constant k. Applying Theorem 3.8 we obtain these inequalities, so the proof is finished. □ 

The following example shows the large class of measures verifying the hypotheses in Theorem 5.13. 
Example 5.14. Given a G M, let us consider the set 2Ua of weights obtained by the products of: 

Ix-al"^ , exp(-^|x~ar"^) , 

in such a way that the weights are integrable in some neighborhood of a, and denote by W the class of weights 
w for which there exist oq < ai < ■ ■ ■ < a^n and weights vj G QUaj such that w is comparable to Vj in some 
neighborhood Vj of aj for j ~ 0,1, . . . ,m, and w is comparable to the constant function 1 in [ao, a™] \U™^gT^-. 
We say that ao < ai < ■ ■ ■ < a^n are the parameters of w. If 

r 

dfli ~ w{x)I[ao,ar^]{x)dx + ^ Cj rf^^ , 

J = l 

where w € W with parameters oq < ai < ■ ■ ■ < Om, Ci, . . . ,Cr > 0, and xi, . . . ,Xr G [ao, a„i], then is finite 
and piecewise monotone. 

Note that this class of measures is wider than the one in Example 5.1L 

As a consequence of Theorem 5.13 we have the following result. 

Corollary 5.15. Let ^q, fii be finite measures on [a, b], where = fii^i + iJ,i^2, Mi.i piecewise monotone 
with parameters oq < ai < ■ ■ ■ < a„i and fii 2 < kfxo for some constant k. If Ho {Reg{[aj-i, Oj])) > for 
each j G J and fj,Q{{x}) > for all x E H , then the MO is bounded in P^'^'(/io, ^1). 



log- 



los 



los 



log- 
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